In this paper, we analyze the throughput performance of two co-existing downlink multiuser underlay secondary networks that use fixed-rate transmissions (FRT). We assume that the interference temperature limit (ITL) is apportioned to accommodate two concurrent transmissions using an apportioning parameter to ensure that the overall interference to the primary receiver does not exceed the ITL. Using the derived analytical expressions for throughput, when there is only one secondary user in each network, or when the secondary networks do not employ opportunistic user selection (use round robin scheduling for example), there exists a critical fixed-rate below which sum throughput with co-existing secondary networks transmitting concurrently is higher than the throughput achieved by a single secondary network. We derive an expression for this critical fixed-rate. Below this critical rate, we show that careful apportioning of the ITL is critical to maximize the sum throughput of the co-existing networks. We derive an expression for this apportioning parameter. Throughput is seen to increase with increase in number of users in each of the secondary networks employing opportunistic selection. Computer simulations demonstrate accuracy of the derived expressions.
I. INTRODUCTION
A rapid increase in wireless devices and services in the past decade or so has led to a demand for very high data rates over the wireless medium. With such prolific increase in data traffic, mitigating spectrum scarcity and more efficient utilization of under-utilized spectrum has drawn attention of researchers both in academia and in the industry. Cognitive radios (CR) are devices that have shown promise in alleviating these problems of spectrum scarcity and low spectrum utilization efficiencies.
In underlay CR mode of operation, both secondary (unlicensed) and primary (licensed) users co-exist and transmit in parallel such that the total secondary interference caused to the primary user is below a predetermined threshold [1] referred to as the interference temperature limit (ITL). This ensures that primary performance in terms of throughput or outage is maintained at a desired level. Most of the analysis to date in underlay CR literature is confined to one secondary node transmitting with full permissible power and catering to its own set of receivers, while maintaining service quality of the primary network. For such secondary networks, performance improvement is achieved by exploiting diversity techniques [2] , [3] , resource allocation [4] , increasing the number of hops [5] , etc. CR-s have attracted research interest due to the possibility of great increase in spectrum utilization efficiency.
Researchers have proposed the idea of concurrent secondary transmissions to further increase throughput (and therefore spectrum utilization efficiency), where two or more cognitive femtocells reuse the spectrum of a macrocell either in a overlay, interweave or underlay manner [6] . By deploying femtocells, operators can reduce the traffic on macro base stations and also improve data quality among femtocell mobile stations due to short range communication. To implement such an underlay scheme, the major hindrance is mitigation of interferences among inter-femtocell users and careful handling of interferences from femtocell transmitters to the users of the macro cell [7] . A comprehensive survey of such heterogeneous networks, implementation and future goals can be found in [8] (and references therein).
In this paper, we consider two co-existing downlink multiuser underlay networks. We show that throughput with two co-existing secondary networks is larger than with one secondary network in some situations. Since throughput performance is ensured, this implies the possibility of increase in spectrum utilization efficiency. The main contributions of our paper are as follows:
1) Unlike other works on co-existing secondary networks that focus on optimization [9] and game theoretic approaches [10] , we present an analytical closed form sum throughput expression for two coexisting secondary multiuser downlink networks using FRT by the secondary nodes. 2) We evaluate analytically the maximum secondary fixed rate by sources that yields higher throughput with concurrent transmissions in two co-existing secondary networks. Beyond this rate, switching to a single secondary transmission is better. 3) We propose an optimal ITL apportioning parame-ter to further improve the sum throughput performance when two secondary sources transmit at the same time. 4) We show that sum throughput improves with user selection in individual secondary networks. The derived expressions and insights are a useful aid to system designers.
II. SYSTEM MODEL AND PROBLEM FORMULATION
We consider two cognitive underlay downlink networks 1 , where two secondary transmitters 1 and 2 transmit symbols concurrently in the range of a primary network by selecting their best receivers 1 * (among 1 receivers, ∈ [1, ]) and 2 * (among 2 receivers, ∈ [1, ]) respectively, from their cluster of users ( Fig.  1 ). We assume that the two secondary networks are located relatively far apart so that the same frequency can be reused by 1 and 2 concurrently. We ensure that the total secondary interference caused to the primary receiver is below ITL by careful apportioning of power between 1 and 2 . All channels are assumed to be independent, and of quasi-static Rayleigh fading type. The channels between 1 and 1 are denoted by ℎ 1 ∼ (0, 1/ 11 ), ∈ [1, ] . The channels between 2 and 2 are denoted by ℎ 2 ∼ (0, 1/ 22 ), ∈ [1, ] . Due to concurrent secondary transmissions, each transmitter interferes with the receivers of the other cluster. The interference channels between 1 and 2 are denoted by 1 ∼ (0, 1/ 12 ), ∈ [1, ], with 1 * being the channel to the intended receiver 2 * . The interference channels between 2 and 1 are denoted by 2 ∼ (0, 1/ 21 ), ∈ [1, ], with 2 * being the channel to the intended receiver 1 * . The channels to from 1 and 2 are denoted by 1 ∼ (0, 1/ 1 ) and 2 ∼ (0, 1/ 2 ) respectively. We neglect primary interference at the 1 Although primary and secondary networks are often assumed to be licensed and unlicensed users respectively, this need not always be the case. They can indeed be users of the same network transmitting concurrently to increase spectrum utilization efficiency. The same logic extends to two co-existing secondary networks. This eliminates most of the difficulties associated with interference channel estimation, security, etc. secondary nodes assuming the primary transmitter to be located far away from the secondary receivers, which is a common assumption in CR literature, and well justified on information theoretic grounds [11] , [12] . Zero-mean additive white Gaussian noise of variance 2 is assumed at all terminals. As in all underlay networks, it is assumed that 1 and 2 can estimate | 1 | 2 and | 2 | 2 respectively by observing the primary reverse channel, or using pilots transmitted by [13] . In every signaling interval, 1 transmits unit energy symbols with power 1 = /| 1 | 2 and 2 transmits unit energy symbols with power 2 = (1 − ) /| 2 | 2 , where denotes the ITL, and 0 < < 1 denotes the ITL apportioning parameter between 1 and 2 . Clearly, = 0 or 1 implies either one of the two secondary networks is operational, transmitting with full permissible ITL. We use peak interference type of power control at 1 and 2 instead of limiting the transmit powers with a peak power due to the following reasons:
1) It is well known that performance of CR networks exhibits an outage floor after a certain peak power and does not improve beyond a point when transmit powers are limited by interference constraints. 2) Since sufficient peak power is typically available, this assumption is quite reasonable. It is in this regime where CR-s are expected to operate. Such an assumption is also common in prior underlay CR literature [14] , [15] , [16] . 3) It keeps the analysis tractable, leading to precise performance expressions that offer useful insights. It also allows us to derive expressions for important parameters of practical interest in the normal range of operation of secondary networks, and can yield insights of interest to system designers. The received signals ( 1 and 2 ) at 1 and 2 can be written as follows:
where 1 , 2 ∼ (0, 2 ) are additive white Gaussian noise samples at 1 and 2 respectively. When transmitters 1 and 2 select the receivers 1 * and 2 * with strongest link to them in their individual cluster, the instantaneous signal-to-interference-plus-noise ratios (SINRs) Γ 1 and Γ 2 at 1 * and 2 * is as follows:
We note that the random variables |ℎ | 2 and | | 2 in (2) follow the exponential distribution with mean values 1/ and 1/ respectively. In the following section, we derive sum throughput expression for co-existing secondary networks. It gives a measure of spectrum utilization with or without concurrent transmissions by co-existing secondary sources.
III. SUM THROUGHPUT WITH FRT
When the secondary nodes transmit with a fixed rate , the sum throughput is given by:
where 1 and 2 are outage probabilities of the two secondary user pairs 1 -1 * and 2 -2 * respectively.
A. Derivation of 1 :
The outage probability 1 is defined as follows:
. Thus, 1 can be rewritten and evaluated as under:
where [.] denotes the expectation over random variables | 1 | 2 , | 2 | 2 and | 2 * | 2 . We evaluate 1 by successive averaging over random variables | 2 * | 2 , | 2 | 2 and | 1 | 2 using standard integrals [17, eq.(3.353.5)] and [18, eq.(4.2.17)]. A final closed form expression for 1 can be derived as follows (details omitted due to space limitations):
B. Derivation of 2 : The outage probability 2 is defined as follows:
Due to the identical nature of SINR-s of Γ 1 and Γ 2 , 2 in (6) can be derived in the same manner as 1 , whose final closed form expression is shown as follows:
IV. OPTIMAL POWER ALLOCATION AND CRITICAL TARGET RATE
Our objective is to find the optimum (denoted by * ) that maximizes . From (3), we have * = arg max( ). In normal mode of operation, the interference channel variances are small ( 1 and 2 are large) so that 11 in (5) and (7) respectively are small quantities for practical values of target rates and can be ignored. (Computing * for high target rates is not required, as would become apparent in subsequent discussions.) Thus 1 and 2 reduce to the following form with = 2 11 1 21 ( 1− ) and = 1 22
Using the first order rational approximation for logarithm [19] ln( ) ≈ 2( −1) ( +1) in (8), which is close to (or follows) the logarithm function for a large range of (and also used in underlay literature [16] ), ( −ln( )−1) (8) can further be approximated as:
Obtaining * for general and is mathematically tedious, and can be evaluated offline by numerical search 2 . However, we present a closed form * for the special case when = = 1. By taking the first derivative of with respect to using 1 and 2 in (9), and equating it to zero, a closed form * can be obtained 3 with the root in [0,1] being: * ≈ 1
By taking the second derivative of with respect to , and upon substitution of * from (10), an expression is obtained, which can either be positive or negative depending on the value of ℎ . By equating the expression to zero and solving for ℎ (or equivalently for ), a closed form expression of critical target rate = (for = = 1) can be obtained 3 as:
) .
When < , is concave with respect to and concurrent transmission using * offers higher throughput. When > , switching to single secondary transmission (the one which offers higher throughput) is optimal, as is convex with respect to . For a generalized and users, and * can be evaluated by an offline numerical search 2 .
For larger and (multiple secondary users in each network), when a round robin scheduling scheme is used, the channel characteristics are exponential (same as when = = 1), and (10) and (11) are valid for * and . We emphasize that and * both depend only on statistical channel parameters and do not require real-time computation.
V. SIMULATION RESULTS
In this section, we present simulation results to validate the derived expressions and bring out useful insights. In all cases, the simulation and analytical results exactly match each other, as there is no approximations involved in deriving the sum throughput expression. Let
where is the path-loss exponent (assumed to be 3 in this paper). is the normalized distance between the transmitter and the ℎ receiver in cluster , where = 1, 2, . . . , when = 1, and = 1, 2, . . . , when = 2. is the normalized distance between the transmitter of cluster to ℎ receiver of the other cluster. When = 1, = 1, 2, . . . , and when = 2, = 1, 2, . . . , . Also,
denotes distance between the transmitter of cluster , ∈ {1, 2} and the primary receiver.
In Fig. 2 we plot vs for different target rates. The system parameters chosen are as follows: 11 = 2 units, 22 = 1 unit, 1 = 2 = 3 units, 12 = 4 units, 21 = 3 units. = = 1 and = 20 is assumed. When target rates are below = 3.9724 3 We will present a detailed proof in the extended version of this paper.
(as calculated from (11)), there is an improvement in sum throughput of the order of 1 bpcu when optimum is chosen using concurrent transmission. If exceeds , switching to single secondary network is best. This happens because with high target rates, both user pairs suffer link outages, and mutual interferences further degrades performance. Switching to a single network not only improves transmit power, but also nullifies the interference from the other network, which cumulatively improve outage and throughput performance.
In Fig. 3 we plot vs assuming = = 1 for varying channel parameters, target rates and ITL to show that * as evaluated in (10) gives a fairly accurate and robust measure of optimal ITL apportioning between 1 and 2 , and improves sum throughput performance. The system parameters chosen for the first plot are as follows: 11 = 1 unit, 22 = 2 units, 1 = 4 units, 2 = 3 units, 12 = 3 units, 21 = 3.5 units and is chosen as 10 . = 1 is assumed to ensure that < = 3.7037 (so that concurrent transmission is advantageous). * = 0.1058 is obtained from (10) . In the second plot, we assume the following parameters: 11 = 2 unit, 22 = 1 units, 1 = 3 units, = 2 is assumed to ensure that < = 3.9724 (so that concurrent transmission is advantageous). * = 0.9117 is obtained from (10) . We note, for symmetric channel conditions, 11 = 22 , 12 = 21 and 1 = 2 , * = 0.5, implying equal resource allocation between 1 and 2 . In addition we have the following observations: 1) decreases when the ratio 1 2 increases, or when 2 is closer to the primary than 1 . This implies throughput can be maximized if more power is allocated to 2 (thereby improving its outage), as 1 has a weaker channel to primary (has more available power) and can meet its outage requirement with less transmit power. 2) decreases with increase in 22 11 . In other words, when 1 -1 * channel is better than 2 -2 * , 1 is able to meet its outage requirement with less power, and more power needs to be allocated to 2 to improve performance. 3) decreases with the ratio 21 12 , or when the interference from 1 to 2 * is stronger than the interference from 2 to 1 * . Thus, allocating more power to 2 would cause less interference to users of 1 , which would improve the overall throughput.
In Fig. 4 , we plot in (3) vs and show the effect of opportunistic user selection on sum throughput performance with concurrent transmissions. We choose parameters as follows: 11 = 22 = 1 unit, 1 = 2 = 3 units and 12 = 21 = 3 units. = 0.5 and = 20 is chosen. Clearly, increases with and . From (11) , it is also clear that increases with opportunistic user selection (this refers to a network having generalized and users, which is not derived in this paper. However, intuitively it is clear that opportunistic user selection statistically improves the main channels, thereby increasing as in (11)), which causes a rightward shift of the peaks of . As also evident from earlier discussions, first increases and then decreases after a certain critical rate as both 1 -1 * and 2 -2 * links start to suffer from outages, thereby decreasing the overall throughput performance with concurrent transmissions.
VI. CONCLUSION
In this paper we analyze the sum throughput performance of two co-existing underlay multiuser secondary downlink networks utilizing fixed-rate transmissions. In the single user scenario, or in a multiuser scenario without opportunistic user selection, we establish that there exists a fixed critical rate below which concurrent transmission with co-existing secondary networks results in higher throughput. In such situations, user selection as well as judicious interference temperature apportioning, can increase throughput performance further.
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